MEASURE THEORY PROBLEM SET 4 2010
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Signed measures and all that

Let (X,3, u) be a measurable space and f: X — IR* be a measurable function with
the property that [ f is defined. Show that

()= [ fau
E
defines a signed measure on (X, X).

Let p1 and poe be measures on (X, Y) and suppose that at least one of them is finite.
Show that u; — pg is a signed measure on (X, X).

Let p be a signed measure on (X, X).
(a) If (Ax) C X is an increasing sequence, then U Ag) = klim w(Ag).
— 0
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(b) If (Ax) C ¥ is a decreasing sequence and p(A;) < oo, then pu( ﬂ Ag) = klim w(Ayg).
kEN o

Let 1 and v be signed measures on (X, X).

(a) A€ X isnull for g if and only if |u|(A) = 0.
(b) u L v if and only if |p| L v if and only if (u* L v and p= L v)

Let p be a signed measure on (X,3), and X = PUN be a Hahn decomposition for
u. Let f=xp — xn. Show that for all A € 3,

H(A) = /A flul.

Let v be a signed measure on (X,Y) and u be a (positive) measure.
(a) v < p if and only if |v| < p if and only if (v < p and v~ < p)
(b) v < pand v Ly implies v = 0.

Let (vk) be a sequence of (positive) measures on (X, Y) and p be a (positive) measure.
(a) If vy L p for all k, then (D wvg) L p.
(b) If vy < p for all k, then (3] vg) < p.

Lemma 3.15 states: “If v is a finite signed measure and p a positive measure, then
v < p if and only if for every € > 0 there exists 6 > 0 such that p(F) < § implies
V(E)| <e.”

It was stated that finiteness is only needed for the forward direction. Show that it fails
when v is not finite, by considering the following two examples:

(a) dv(z) =% and du(z) = dz on (0,1) with the Borel o—algebra;

(b) v =counting measure and u(A) = Z 27" on IN with P(IN).
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