MEASURE THEORY PROBLEM SET 6 2010
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Product Measures

Let F € Yx ® Xy. Show that £, € Xy and EY € Y.
Show that Xx @ Xy @ Xz = (Ex @ Xy) @ Xz.
Show that u x v x A = (u x v) x A if all three measures are o—finite.

Show that (IR™, L™, m") is the completion of
R, L'® ... L' m' x...xmh).
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Show that m! x ... x m! = m™ % x mF for all 0 < k < n.
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Define f: R> — IR by f(z,y) = 22y.
Show that f is Lebesgue measurable on X = [0,3] x [1,2] and that [, f dm? = 2.

Define f: [0,1]> — R by

0, ifr=0o0ry=0,
f(l‘7y):{ T—Y

W, 1fx7é0andy7§0

Show that f is (a) not Riemann integrable, (b) Lebesgue measurable, (c) not Lebesgue
integrable.

Also show that the iterated integrals

//fdwdy and //fdyd:c

exist.



